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We consider the role of spontaneous lattice symmetry breaking in strongly interacting two di-
mensional Dirac systems. The fermion induced quantum (multi-)criticality is described by Dirac
fermions coupled to a dynamical order parameter that is composed of mass and emergent gauge
fields. This is illustrated for the example of translational symmetry breaking due to charge-density
wave order on the honeycomb lattice. Using a renormalization-group analysis we find that the puta-
tive emergent Lorentz invariance is violated. Finally, we identify that topological phase transitions
are well described by this effective field theory.
Interacting Dirac fermions exhibit perhaps the sim-
plest example of fermionic quantum criticality. In high
energy physics this has been known for some time, and
goes under the guise of spontaneous fermion mass gener-
ation and chiral symmetry breaking in the Gross-Neveu-
Yukawa (GNY) model [1, 2]. The prototypical condensed
matter example are semimetal-insulator transitions on
the half-filled honeycomb lattice [3, 4], which are driven
by strong on-site and nearest-neighbour repulsive inter-
actions. The low energy excitations are well described by
Dirac fermions [5], which couple to the order-parameter
fields and play a crucial role in determining the univer-
sal behaviour [6, 7]. In recent years GNY models and
sign-free lattice Quantum Monte Carlo simulation have
helped to push our understanding of fermionic criticality
beyond the Landau-Ginzburg-Wilson paradigm [8–18].
Strong parallels can be drawn between the high energy
and condensed matter settings. Remarkably, the quan-
tum critical fixed point exhibits emergent Lorentz invari-
ance with a characteristic terminal velocity and dynam-
ical exponent z = 1 [19–22]. Also, the emergent chiral
symmetry is spontaneously broken in the ordered phase,
opening a mass gap in the Dirac spectrum.
Yet it is precisely the reduction from Poincaré sym-
metry to the crystallographic space groups that allows
the solid-state to host exotic fermionic quasiparticles [23].
An example are the recently discovered multifolds that
are higher spin generalizations of Weyl fermions with no
elementary particle analogs [24, 25]. More relevant to the
current discussion are the semi-Dirac [26] or anisotropic
Weyl fermions with relativistic and non-relativistic dy-
namics along orthogonal directions, which are known to
exist at the critical point of topological phase transitions
in two and three spatial dimensions [27].
In this Letter we investigate Lorentz violating quan-
tum critical points in Dirac fermion systems with spon-
taneously broken crystal symmetries. We show that the
effective field theories contain order parameter fields that
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FIG. 1. Schematic phase diagram of Dirac fermions on the
half-filled honeycomb lattice with first and second neighbour
repulsive interactions V1 and V2. Charge modulation is shown
relative to half-filling. The CDW breaks sublattice inversion
symmetry. The CDW3 translation, rotation, mirror and in-
version symmetries.
couple to the Dirac fermions as components of emergent
gauge fields, in addition to the standard mass fields. This
is illustrated for the honeycomb lattice where strong sec-
ond neighbour repulsions induce charge density wave or-
der (CDW3) with a three fold increased unit cell [28–39]
(see Fig. 1).
We characterise the fermion-induced (multi-)critical
fixed point [9] using a perturbative renormalisation-group
(RG) analysis. Our results show that the broken symme-
try state is in the vicinity of a topological critical point.
This demonstrates that topological phase transitions in
Dirac systems can be comprehensively described by ef-
fective field theories containing mass- and non-Abelian
gauge fields.
Lattice symmetry breaking. As an example we
consider fermions on the honeycomb lattice at half-filling,
subject to first and second neighbour repulsive interac-
tions V1 and V2,
H = −t
∑
〈i,j〉
(c†i cj+h.c.)+V1
∑
〈i,j〉
nˆinˆj+V2
∑
〈〈i,j〉〉
nˆinˆj , (1)
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2where t is the hopping amplitude and ci and nˆi = c
†
i ci
denote the fermion annihilation and density operators.
In the absence of interactions, the low-energy theory of
the semimetallic state describes massless Dirac fermions
at the valleys Kτ=± = 4pi3√3 (τ, 0) [40],
H0 = vF
∫ Λ d2k
(2pia)2
Ψ†(k)k ·αΨ(k), (2)
which is defined up to the ultraviolet cut-off Λ ∼ 1/a
with a the lattice spacing. Here vF = 3ta/2 is the Fermi
velocity and k = (kx, ky), α = (αx, αy). For compact-
ness, we have introduced the 4-component spinor Ψ =
(ψA+, ψA−, ψB+, ψB−) and tensor products αx = σx⊗τz,
αy = σy ⊗ τ0, where σµ, τµ (µ = 0, x, y, z) are the 4-
vectors of identity and Pauli matrices acting respectively
on the sublattice σ = A,B and valley τ = ± pseudospins.
With αz = σz ⊗ τz, α form an SU(2) pseudospin al-
gebra [αi, αj ] = 2i
∑z
k=x ijkαk and {αi, αj} = 2δijα0,
with identity α0. Eq. (2) has emergent Lorentz invari-
ance [41], and is endowed with emergent global SU(2)
chiral symmetry Ψ → ei
∑3
a=1 θ
aTaΨ that is generated
by T 1 = −σy ⊗ τy, T 2 = σy ⊗ τx and T 3 = σ0 ⊗ τz.
(T 1, T 2, T 3) also form a pseudospin algebra with identity
T 0, and commute with αi.
Sufficiently strong V2 stabilises CDW3 order (Fig. 1).
After Hubbard-Stratonovich transformation and integra-
tion over the high energy modes (see Supplemental Mate-
rial [42]), we obtain the effective local Yukawa Lagrangian
that couples Dirac fermions and dynamical order param-
eter fields φ, A1 = (A1x, A1y), A2 = (A2x, A2y),
Lg = Ψ
† (gφφαzT 3 + gAα ·AaT a)Ψ. (3)
Here Ψ(τ, r) =
∫∞
−∞
dk0
2pi
∫ Λ d2k
(2pia)2 e
−ik0τ−ik·rΨ(k0,k),
where τ , k0 are imaginary time and frequency respec-
tively and r = (x, y). Also, the summation over repeated
a = 1, 2 is used throughout. The bare effective couplings
are related to the lattice couplings gφ ∝ V1 − 2V2 and
gA ∝ V2. Note that Lg preserves emergent spatial ro-
tational and U(1) chiral symmetry, but breaks breaks
Lorentz invariance.
The charge patterns on the hexagonal unit cell that
are induced by φ,A1,2 are shown in Fig. 2. These
are precisely the irreducible representations of the point
group C ′′6v containing primitive translations [43, 44]: φ
transforms as B2 and (A1,A2) transform like the 4-
components of G. The components mix into each other
under primitive translations Ψ → e±2piiT 3/3Ψ, thereby
breaking the translational symmetry of C6v.
For V2  V1 on the honeycomb lattice, unconstrained
charge order has an ill-defined Hubbard-Stratonovich
transformation. Therefore, it is expedient to constrain
the order parameters space to the physically valid CDW3
region, φ = 2(ρ−∆) and
(A1,A2) = (2ρ+∆)(CαCβ1 , CαSβ1 , SαCβ2 , SαSβ2), (4)
A2x b= G(E2x)
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FIG. 2. All possible charge instabilities in the 6-site unit
cell on the half-filled honeycomb lattice. Charge modulation
is shown relative to half-filling. They are labelled with the
order parameter fields that couple to the Dirac fermions in the
effective field theory, as well as the corresponding elements in
symmetry groups C′′6v and C6v in parentheses.
where ρ ≥ ∆ ≥ 0, Cα = cosα, Sα = sinα. Numerical
simulations and semiclassical analysis [33] have identified
the lattice ground state manifold is restricted to β =
β1,2 and α, β = 2npi/3 for n = 0, 1, 2. Here α encodes
translations and β rotations, which together enumerate
the 9 possible charge configurations, which is doubled
with charge inversion (ρ,∆ < 0). The charge pattern in
Fig. 1 corresponds to α = β = 0.
Mass sector. In the regime V1  V2 the order pa-
rameter φ describes the quantum phase transition from
the semimetal into the CDW insulator that breaks sub-
lattice inversion symmetry. This corresponds to Z2 chi-
ral symmetry breaking in the low energy effective field
theory [45], where the dynamics of φ are encapsulated
by the Lagrangian Lφ = 12φ
(
−∂2τ − c2φ∂2 +m2φ
)
φ, with
∂2 = ∂2x + ∂
2
y . The fermionic quantum critical point
(m2φ = 0) belongs to the Z2 GNY or chiral Ising uni-
versality class, which has been intensively studied [46].
The anticommutation {H0,Ψ†αzT 3Ψ} = 0 identifies
φ as a mass field that opens a gap 〈gφφ〉 [47, 48]. All
possible mass terms of 4-component Dirac fermions are
enumerated by MµαzTµ for µ = 0, 1, 2, 3. Only the
sublattice CDW mass [5] (M3 = φ) is considered here.
The other terms arise from bond-order 〈c†i cj〉 on the
honeycomb lattice. The Haldane quantum anomalous
Hall mass M0αzT 0 [49] is stable at mean field [50], but
quantum fluctuations are known to favour CDW3 or-
der [39, 51]. Finally, (M1αzT 1,M2αzT 2) correspond to
the mass fields of the Kekulé phase [52].
Emergent gauge sector. In the low energy A1,2
minimally couple as components of an emergent SU(2)
non-Abelian local gauge theory generated by T a. This is
revealed by the local Lagrangian
Lψ + LgA = Ψ
† [∂τ + iα · (vF∂ − igAAaT a)] Ψ, (5)
with ∂ = (∂x, ∂y). To avoid integrating over the emer-
gent gauge redundancies, we work in the Feynman-
’t Hooft gauge of the critical theory LA = 12A
a ·(−∂2τ − c2A∂2 +m2A)Aa [53]. The bosonic mass m2A is
finite from the lattice Hubbard-Stratonovich transforma-
tion, implying A1,2 can have finite order parameter ex-
3pectation values [54–56].
From symmetry considerations, or alternatively by in-
tegrating out high energy fermionic modes, one obtains
the bosonic self-interaction
Lλ = λφφ
4 + λAA
4 + λφAφ
2A2 + λYM(A
1 ×A2)2, (6)
where A =
√
Aa ·Aa. The term φ(A1 × A2) is absent
because of particle-hole symmetry, in accordance with
Furry’s theorem [6]. The Yang-Mills term λYM reflects
the underlying emergent non-Abelian gauge structure.
Renormalisation Group. Quantum (multi-)critical
points are described by scale invariant fixed points of the
RG transformation k′i = kie`, k′0 = k0ez`. We use the
perturbative Wilson momentum shell scheme to identify
universal features of the action S =
∫
τ,r
L, with L =
LΨ + Lφ + LA + Lg + Lλ. Here we integrate over fast
momentum modes Λe−` ≤ |k| ≤ Λ and −∞ ≤ k0 ≤ ∞.
Criticality is accessed by tuning the masses m2φ,A −
(m2φ,A)∗. At tree level z = 1, such that at the Gaussian
fixed point the Yukawa and self interactions are relevant
perturbations in d < 3 spatial dimensions, motivating an
 = 3 − d expansion. Further control is exerted by gen-
eralising to a large number N of fermionic spin flavours
Ψ†Ψ→
N∑
n=1
Ψ†nΨn, (g
2
φ,A, λi)→
8pi2Λ
N
(g2φ,A, λi), (7)
which is known to favourably reorganise the perturba-
tive expansion, enabling perturbative RG directly in
d = 2 [57]. Here i indexes the couplings in Eq. (6).
The RG equations are obtained to one-loop order [42]
by calculating the diagrams in Fig. 3. For the Yukawa
couplings we obtain in large N
d
d`
g2φ = g
2
φ
[
− g
2
φ
2
− 3g
2
φ
4N
(
g2φ + 2g
2
A
) ]
, (8)
d
d`
g2A = g
2
A
[
− g
2
A
3
− g
2
A
2N
(
g2φ − g2A
) ]
. (9)
We set vF = 1 and used the fixed point values of
the boson velocities to leading order in N . Enforc-
ing scale invariance of the Fermi velocity requires that
z = 1 + g2A/2N . Consequently, coupling to the A fields
violates Lorentz invariance with z 6= 1. It is important to
highlight that divergent anisotropic velocity renormaliza-
tion, preempting a fixed point, is encountered if the in-
dependent spatial rotational symmetries of A1 or A2 are
artificially broken. The boson self interactions Lλ play a
secondary role [42].
The hard lattice cut-off Λ ∼ 1/a in the momentum-
shell RG violates the emergent gauge structure, e.g. the
fermion loop generates a constant correction m2A ∼ Λ2−,
violating the Ward-Takahashi identity. This is ultimately
related to the fact that the gauge structure is an emer-
gent property of the continuum low-energy field theory
FIG. 3. One-loop Feynman diagrams. The fermion propaga-
tor is denoted by the arrowed line. The boson propagators
are denoted by the wavy line.
and not present on the lattice. Nevertheless, consis-
tent results are obtained in the gauge invariant minimal-
subtraction scheme. Regardless of these subtleties, the
coupling λφA in Eq. (6) implies that the condensation of
the mass field φ will dynamically generate a finite expec-
tation value for the emergent gauge fields.
Critical fixed points. The Yukawa couplings are rel-
evant perturbations at the putative Wilson-Fisher fixed
points ({λi} 6= {0}, gφ,A = 0), owing to the gapless na-
ture of the fermion excitations. At the ensuing fermionic
critical fixed points ({λi, gφ,A} 6= {0}) both the boson
ηφ,A and fermion ηΨ anomalous dimensions are finite,
which indicates the breakdown of the quasiparticle pic-
ture and the onset of a non-Fermi liquid.
However, the coupling to a particular fluctuating
bosonic field can be rendered irrelevant if the related
bosonic mass is tuned far from critical [2, 15]. In this
case the bosonic field can be integrated out and the cor-
responding fermion-fermion interaction, V ∼ O(g2/m2),
will be vanishingly small. For m2A  (m2A)∗ and m2φ =
(m2φ)∗, the theory describes the chiral Ising quantum crit-
ical fixed point of the CDW transition at V1 = (V1)c and
V2  (V2)c.
To analyse the CDW3 transition we set m2φ = (m
2
φ)∗
and m2A = (m
2
A)∗. At the multicritical fixed point the
Yukawa couplings take the values
(g2φ)∗ = 2 (1− 6/N) , (gA)2∗ = 3 (1 + 1/2N) (10)
The resulting critical exponents are collected in Tab. I.
The spontaneous lattice symmetry breaking (finite gA)
results in the violation of Lorentz invariance with z =
1 + 3/2N and cφ,A = vF (1 + 3/2N). This is in contrast
to the emergent Lorentz invariance of GNY fixed points
with z = 1 and cφ = vF to all orders in N . The correla-
tion length exponents ν± are the two positive (relevant)
eigenvalues of the stability matrix at the fixed point. In
N →∞ the exponents decouple to ν± = νA = νφ = 1.
Our results suggest the existence of a continuous quan-
tum phase transition. However, relaxing particle-hole
symmetry the reduced lattice symmetry group C ′′6v al-
lows for the cubic term bIm[G32 − 3G21G2], where Ga =
Aax + iA
a
y. If this is finite, the Landau cubic criterion
4TABLE I. One-loop critical exponents at the CDW3 fixed
point to O(1/N2). There is good agreement between the
 = 3 − d expansion and the direct evaluation in the phys-
ical dimension d = 2 as N →∞.
Exponent d = 3−  d = 2
z − 1 3
2N
56
√
2−75
N
ηψ
7
4N
54
√
2−72
N
ηφ 
(
1− 6
N
)
1 + 24
√
2−45
N
ηA 
(
1 + 1
2N
)
1 + 64
√
2−87
N
2− ν−1± 
(
1 + 11±
√
745
4N
)
1 +
84−50√2±
√
457−84√2
N
would imply a first order transition. Naive tree level
scaling [b] = (5z − d)/2 suggests that this is indeed the
case. However, the large anomalous dimensions ηφ,A ren-
der the cubic term irrelevant at the d = 2 CDW3 critical
point with the RG scaling 1− (1 + |O(1/N)|) [42] This
is analogous to the Kekulé instability [9], highlighting
that fermion-induced critical points are inherently dif-
ferent from Wilson-Fisher fixed points of conventional
order-parameter theories.
Broken symmetry state. To analyse the nature of
the CDW3 we need to minimise the free energy density
f(φ,A1,A2). Infinitesimally close to the multi-critical
point, f is obtained from integrating over the fermions
for static finite order parameters [42, 57]. Although the
criticality is universal, the broken symmetry state is not.
Instead it depends on the lattice model and concomi-
tant path taken through the critical surface (δφ, δA) =
δ(cos θ, sin θ) with δφ,A = (m2φ,A)∗ − m2φ,A. The self-
consistent minimisation of f , subject to Eq. (4), depends
on inaccessible higher order and lattice terms. It is pos-
sible however to obtain the groundstate in the limiting
cases by assuming generic bounding quartic terms [42].
For θ → pi/2− we obtain ∆/ρ→ 1− and φ→ 0+. In the
other limit, θ → 0+, we find ∆/ρ → 0+, φ → A+. In
both cases minimisation requires β1 = β2, which causes
φ(A1 ×A2) to vanish, independent of particle-hole sym-
metry.
The latter limit is precisely the condition for the bro-
ken symmetry state to host gapless semi-Dirac [26, 27]
excitations, which disperse quadratically in the direction
defined by the polar angle β and linearly orthogonal to
this. From the hybridisation of down-folded Dirac valleys
there is a condensation energy gain from the second set
of bands that gap with ± |φ+A|. Such a metallic CDW3
state with semi-Dirac quasiparticle excitations was pre-
dicted previously [39] for the case of pure V2 interaction,
based on an RPA-type fluctuation analysis. The lattice
conditions below Eq. (4) α, β = 2npi/3 are determined by
the vanishing of the lattice cubic term b, and maximising
the lattice quartic term φRe[G31 − 3G1G22].
Topological phase transitions. The broken symme-
try state with gapless semi-Dirac excitations (φ = A) can
  < A
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<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>
  = A
<latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaN zSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNn s2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaN zSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNn s2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaN zSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNn s2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaN zSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNn s2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit>
"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit>
kx
<latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit>
ky
<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0 swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJx ZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>
  > A
<latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1j s8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa 7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1j s8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa 7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1j s8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa 7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1j s8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa 7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit>
"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF26 2Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3x x8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit>
kx
<latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bp ZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck 5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit>
ky
<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWB yO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWB yO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWB yO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWB yO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>
  > A
<latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQh UnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQh UnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQh UnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQh UnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit>
  = A
<latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXSh UHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXSh UHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXSh UHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXSh UHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W /un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcA d1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit>
  < A
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FIG. 4. Topological phase transition between the Dirac
semimetal (φ < A) and band insulator (φ > A), tuned by
complementary mass φ and non-Abelian gauge A fields. The
topological critical point (φ = A) hosts anisotropic excitations
with orthogonal relativistic and non-relativistic directions.
be interpreted as the critical point of the topological Lif-
shitz phase transition [27] between a semimetal (φ < A)
and a topologically trivial band insulator (φ > A) (see
Fig. 4). The d = 2 topological critical point is naturally
described by combinations of mass Ma and non-Abelian
gauge Aa fields that satisfy [42]
abcM
a(Ab ×Ac) = 0 and (MaAa) · (M bAb) = 0, (11)
with summation now over repeated a, b, c = 1, 2, 3. This
generalization accounts for Kekulé masses (M1,2) and
gauge fields A3, which may be induced by strain on the
honeycomb lattice [58]. There are a number of obvious
extensions including spin, dimensionality and the number
of quadratic directions.
Discussion. We demonstrated that spontaneous lat-
tice symmetry breaking in interacting Dirac fermion sys-
tems is described by effective field theories of Dirac
fermions coupled to a combination of mass and emer-
gent gauge fields. The ensuing criticality is found to be
beyond the GNY universality classes because the puta-
tive emergent Lorentz invariance is violated, z 6= 1. This
raises the possibility that long range Coulomb interac-
tions could be relevant [3] and provide further non-trivial
scaling at this novel critical point [59].
As a concrete example we analysed the lattice symme-
try breaking due to CDW3 order of Dirac fermions on
the half-filled honeycomb lattice. However, as discussed
in this Letter, the resulting effective field theory with
mass and gauge fields has much wider applicability. The
important role of emergent gauge fields has been recog-
nised in the context of the Ising nematic transition in
d-wave superconductors [19, 54, 55], and there is indeed
a close connection with the gauge sector of the field the-
ory presented here.
Recently, there has been considerable interest in the
properties of topological quantum critical points [59–67],
which in d = 2 are commonly described by effective
Hamiltonians of the semi-Dirac form Hˆ = k2xσx + kyσy.
Here anisotropic velocity renormalisation needs to be
regulated with non-perturbative infrared loop resumma-
tions [67].
5Our work shows that complementary combinations
mass and non-Abelian gauge fields provide a natural
playground for the study of topological quantum phase
transitions. Lifshitz transitions of merging Dirac cones
are observed when tuning through the broken-symmetry
states close to the multi-critical point. These insights
could be relevant for a range of systems, including black
phosphorus [68, 69], optical honeycomb lattices [70–72],
artificial graphene [73], TiO2/VO2 interfaces [26, 74], and
α(BEDT-TTF)2I3 [75].
A related open question is whether there is a similar de-
scription of other exotic Lorentz violating fermions, such
as the multifolds in topological chiral crystals [23–25],
and what this means for their quantum critical proper-
ties.
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